
 QUANTUM STATES

Operations on sets

set I and T be finite sets

1 Divert product

Ix T 9,6 a EZ GET

2 Disjoint when I w T country

of a E Z and G E T

More formally
I ut ago 6,1 a E Z

G E T J

3 Set of freckles

F E T f I T

A
guts f I T D called a

bijection if it is one to one and

onto in this case we unite I E T

Ex I E 0 1 121 1 where

III denotes the site of the set



Register

A register is an abstraction of a

physical system on which data

can be stored

Each register has associated to it a set

I of clavier stater

FI
Gian the registers we can form the

compound register

TIIE
The set of classical state of the

compound register is given by Z x T



Hilbert spaces

In quantum information they we

associate the Hilbert space I

to a register with a set I of

classical state The Hilbert space

I has basis given by

If at 3
A vector v E QI is of the

germ y I La la data
a EI

Verte spae statue

1 Addition

ut v Ey Da la I La la
a EZ

Ez patta la

Where 147 I p la
a

2 Sale multiplication

x x I 2 La la
a EZ



The inner product on AI is defined
by

u x I Fa La
a E I

Note that

1 Cu Lvt pw 2 Cu p u w

2 Lu v7 CW
3 u u 7 0 and 4,47 0

if and only if u o

In Dirac notation we write ulu

The standard basis la a EZ D

orthonormal

9 6al 67 Sab
otherwise

The norm of v E GE D defined by

Ux 4 IITs

Lem Norm determines the inner product

u y
duty a nu nu't Uutinuti Uu ivy

4 execin



in general a Hilbert spae is a

vector space V together with an

inner product
2 7 V x V Q

Let S ya a E E C Y

We say S is linearly independent

if I La Ed Saez not all zero

such tot

I La Va 0
a E I

The subspace
Span S I Lava La E G

a EZ

is called the span of S

4 Span S V then we say S

D spanning

A linearly independent sparing set

is called a bar

Evey venter spae comes with a

bars Va a EZ



The dimension of V is defined by

din V 121

The set S is called orthogonal if

Va v67 0 H a 6

and orthonormal if

Ya a San
a b

otherwise

We can identify I E 0,1 121 1

A bens 9 Vi i 0,1 191 l can be

converted to an oethonemel Garis

by using the Gran Schmidt procedure

I In

I
K É Fi Vic Ti

U Yat If Cxi Vic Till

where o f k 121 1



The set I f is orthonormal

I I Sij
Hh Verify this

Cauchy Schwarz inequality
Icu y I s Hull Und Hun E V

with quality it and only if u ar v linearly
dependent

Preet in the Appendix



Linear operates
A linear operter map Ai Y W is a

fun tiles such that

Ala v p u a Av p Au

We will unite Lex W go the set

of linear operates

L V W I is a venter spare

1 At 8 is the liner operator

defined by

At 8 x Avt Bx

2 2 A D defined by
LA x 2 A x

Ey The rue operator
V V

x D XX EV

The identity operator
11 V V

IC X KT EV



Let Va a E I and Two b E T

be orthonormal bens for V and W

A liner operate A V W D

uniquely specified by

A Vy I Wa A Vb Wa

The coefficients can be assembled

into a junction
A Tx I A

Ala 6 Wa A Vb

We call this jumble the matrix representation
In matrix representation the compacities

of A XXI A and B Tx X d

is given by

B A Tx I I

BA a 6 I Blanc A Cc 6

C E X



We can convert A Tx E A to

an ordinary no tix by cheering

I I 0 l 121 1

T E f o I IT 1 I 5

Then composition of operators is goes

by the usual matrix multiplicative

The standard bans of L K W

com b of Ea b a E Z GET

defined by

Eab Tx E d

Ea b Cid Scans Kid

1 c d 910

O otherwise

As an ordinary matrix

Eis I i

j



Linear isometry
A line openter A Y W is called

a linear Donety if

U A v U U v U H v E V

We will write U Y W for the set

of lines isometries

We say V is isomorphic to w

if there exists a liner isometry
A Y W and dim 11 din IN

Ey 1 Cheering a bars gives an

isomorphism

V E GE

2 OF F I Q is a Hilbert

spae with bars given by the

function
Ea E e

each Say I a b

0 otherwise



The linear operate
at at

ea te la

gives an isomorphism GEE I

3 Matrix representation given an

isomorphism

LC at at at

Pro For AE LLY W the following are

equivalent
1 A D a liner isometry
2 Av Au Y u H x u EV

Int 1 2 This follows from the

fact that the inner product is determined

from the norm

2 7 1 Take U V I

Hw Write a more detailed proof

for 1 72



The adjoint of a linear operator
A V W is the line operator

At W V

uniquely specified by the equation

w Av C Atw x

for all x EV W E W

Py The matrix representation of At
is given by At a b A 6,9

Roof We have

At all wa Atry

Atvs Wa

V6 Awa

A Cb a A

Notation Transpose of a matrix

AT 9,6 A 6,9

conjugate et a notix

A 9,6 A a b

At is the conjugte transpose et A



A venter x E U can be regarded as

a linear epester

v Q V

I l Y

Then the agent is the line operate

it Y G

given by

Vt u 1 utca

utca 17

C u x i

C u v7 Yiu

thing this contrition we can define
a line operator

w xt V W

This means that the composition of
yt 11 d and w A W

wut u W x u

x u w



In Dirac notation ut D denoted by
a bra v1

Then

x1 Iu Lulu

Inner product in

Dice notation

The operator wut is written as

Iw XI and

Iw v1 Iu Iw Calw

x w Iw

The bars operators tab will be

denoted by la bl

For A X W we can write

A I A aib la b

a 6



Pro At A

BA Aft
HW Prove this

Pro A is an isometry if and only

if At A Iv

Rest We have

Ay Any Xiu

if and only if

Athy a Ly u

which implies that At A Hy E

when V W we will write UCV

for UC Viv

UCV hes the strike of a group

1 A B E UCV then A B E ULU

2 Hu is the identity element

A 1 11 A A H A

3 Every AG U Y hes an inverse

At A ATA Iv



Direct sum

The direct sum of Q X and I t

D the defined as the teeter space

A to G T QIN U T

A venter in AA to It can be uniquely
expressed as

x I La la I
bet

167
a EX

For a subspace W C V we write

wt V E V Cw v7 O EW EW

Pre V E W o w
t

Peet Choose an eethonerrel bars

Wa a EA for W and extend

it to an ethereal bars

wa a e n w Us G E T

for V Then WE all wt It

and V E Q I where I A U T E

Ger wt
t

w



The kernel of A is defined by

Ker A x EV Av D

and the image of A is defined by

im A Ax E W V E V

We have

dim Y din im A t din ke A

The dimension of the image D

called the rank of A

rank A din in Al

her At him A
t

Reet For w E W we have

Atw O C Atw y 7 0 Tv EV

C W Ar Kv EV

w E im A t
E



Gr im A in A At

Preet we will show that

Ker At Ker A At

Then the result fellows from the Proposition

im A Ker At ke AAt im A At

We have
ke At c ke A At

4 At w o ther A tw 0

For the convene let w E ke A At
that is A Atw D

This implies that

Atu E Ker A in At

Therefore

Atw x o f v E im At
This At w D and W E Ker At

I



Trace

We will write Lex for Lex Y

Trace is the linear operator
Tr LCU Q

uniquely determined by

Tr C la ul x u

Pro Ln notix represent ties

Tr A Ey A Ca a

Reef We have

Tr CA Tr I A 9,6 1a 261
a b

I A 6,6 Tr La 61

I Alain
gf

I A Cara I

Gn Tr AB Tr BA
Hw Prove this



YW is a Hilbert space

Hilbert Schmidt Frobenius inner product

A b Tr Ato

The standard bans la bl is

orthonormal

la Cdl la cot Tr id ÉÉ
Sc a Sbd

Sad la 6

Iw The agent of Tr is the liner

openter Hey Q x

Roof We have

Trt 1 I la Cbl Ttl a b
916

I Tr la 61 17 la Col

E la at

Hy
I



flames of operators

CY

1
Normal operates

Nor V A E L Y ATA A At

I thitey operates
ULU

Hermitian operates
Her X 9 A E L Y A At

1
Positive open tons

Po V I 8 8 B E L x

Projectiles operators Denity operates
Proj V TI E Po Y Den Y e E Po Y

M E TI Tree I

y Quentigates

Pure stats

PC ME Png x Tr T I



A nonzero vector V E V D called an

eigenvector corresponding to DEA

if A v Xx

The number x is called an eigenvalue
Eigen spare corresponding to X

Vx KEY Av Xx u of

Eigenvalues are the mob of the

characteristic polynomial

det A Ar

Note that there is at least are

nerve solution

Spectral decomposition theorem

Let A E Nor QE

Then there exists an orthonormal

bans Iva a EI such that

A E Xa la Val

Preet in the Appendix



A matrix D Z x I I D called

dignel if D la 6 0 when a 6

Gr Y A E Nor QE then there

exists U E U GI ouch thot

UA Ut D diagonal

Reet By the spectral theorem

A I da la Eval
AGI

Let U be defined by

U Iya la

Then

U A Ut I da Ulva Chal ut
a

I ka la Lal
a

We say A D unitarily diagonalizable
if thee exDb UE UCA 2 sun that

UA Ut D dicyed



Characterisations of positive operates

The following are equivalent
1 V Py E Ryo K V E V

2 P E Herm Y and eigenvalues of

P belong to Ryo

3 P At A for some A E L Y

4 Q P E IR O K Q E Po Y

Ref 1 72 By spectral deemitier

P I Xalva Va

a EI

We have X a Va Puc E Ryo
P is hermitian sine its eigenvalues
are real

2 73 Let A I ka la ra

The P At A

3 4 We can write 02 8 8

Then Q P Tr Q P

Tr Gto Ata

Tr Eat 8 At t

B At 8 At E Ryo
4 71 Take a Iv Cyl A



Polar decomposition theorem

For A EL CY W we have

A U 1 TA left polar
deconprities

for some U E U V W

Preet in the Appendix There is also right pule
decomposition A At U

Gr Singular valve theorem

Let AE LC Y W be a nerve liner operate
such that rank A r

Then thee exists orthonormal sets

Va a E X 3 C Y and

wa a E X 3 C W such that

A E Salwa Val

where I A t r and sa E IR o

Reef Since At A E Pas Y by the spectral
decomposition we here

At A En Xa lua val

where Ya E IR o

Then
A MIATA EEE Gal

include U DX I



Quentin states

We have seen that a register comes

with a set I of chancel stats

A probabilistic state on the register is a

probability distribution i e a genetics
p I Ryo

such that Iz pla 1

We will write Dist I
for

the set of

probability distributions or I

In quantum information they states of

registers are represented by quantum state

A quantum state is a deity operator

of the form E E Den EE

By spectral decomposition

E E Pa Iya Val

where pas o and I Pa 1

Thet is p I Ryo defined by

pla pa is a probability distribution



A probabilistic state p or be regarded
as a quantum state represented by a

digest denity operate

A quantum state is said to be pure

if EE e

Ero Every pure state is of the

germ ly x1 for some wit venter

x EV

Moreover

lx Cut 1 u u

if and only if u Lv for some

L E U A

HI Prove this



An ensemble of stats is a further
2 T Po Az

satisfying Trl I 7 a 1
a E T

Note that

p T Ryo
9 to Tr 2 as

is a probability distribution

Giver e E Dei la 2 we hee

e Es Xa la oval

Then 2 I Pos Az defined

by 2 a Xa la val is an ensemble

of pure states

Pro Den QE coincides with the set

of ensembles of pure states



Tensor product

The tenner product of AI and It

is the Hilbert space

I 0 It EXT

A venter in the tenser product
is represented by you

you La la I p 16

I tap 197162
We ate write

a 167 or 196

The inner product is given
6

you y on x y u u

The Hilbert space associated to a compound

register D ICI It

Hence a quantum state for sunk a register
is a density opener e E Den QE x Kt



Given A QE QE and B Gt at

the tenser product A B is defined by

ADE AT GT GT'd It

A 08 you Av o Bu

Er CAD B At Gt
Tr A 06 Tr A Tr B

In Dita notation we write

lx cut la ul Iv tu ul ul

1 1 la ul cul

In n ru

The operates a 6 abl

form an orthonormal bars for

LC QE IT QI At



Partial trace

Give V0 W the partial trace Trw
D the liner operate

Trw LC Vow V

defined by

Trw Iv Xo Tr

We have

Trw AOE A D Tr B

Partial true

Try L YOW CW

D similarly defined

For a compound register with a

question state

C E Den C V O W

the state associated to each register
is given by

e Trw e and en try e



Openter venter correspondence

There is an isomorphism of Hilbert spaces

Vee LC AZ Clt to EI

defined by

Vee 1a 61 1a 167

We have

la Lol Ic dl Tr 167 Cal la dl

Calc d 16

ab t c d

1967 Icd 7

For arbitrary vectors we have

vee ly ul
a

Yat vee la 61

I Yat la 16

916

x II



ten Ao A ve B vee Ao B AT

Pat By linearity it officer to

prove this for B 1a 61

Then

A A Vee B Hola A 167

Hola KIA
t

Kee Ala LolAT A

ten Try Vee A vee 6 I A Bt

Root By anti lineeity it spies to

prove this for B a 61

We have

Try Vee A vee 6
t

Try vee A ab

Try nee A abl

I Aced Try Icd abl
Cid rata
Ig Acc d k Cdl 167cal

A Bt 1H

Hh Try vecCA vec o AT E



Schmidt decenpecities
Let 147 E Vo W be a nonzero venter

Then thee exists orthonormal sets

Va a E 11 3 C Y and

wa a f A 3 C W such that

147 I
a en

sa a way

where sa E IR o and I sa 1

at X

Pret Let A E L W V be such

tut
yea A 147

By single value decompentiles

A I sa Iya wit
a EA

Ther
la veeck Salva É

We have

1 Tr In ul

I sa ta
a



Purgication
Let P E Po Y

A venter In E Vo W is said to

be a purification of P if

P Trw Iu cul

Lem The following are equivalent
1 There exists a perigiceties In of P

27 There exists A E LEW V sun that

D A At

Ioof Sime vee is an isomorphism

ay venter or be written as

Iu Vee A

We have

Trw Iu al Trw Vee A vee A
t

LI At I

Puigiotion theorem

There exists a purification u E Vow

of P if and only if

din W 7 rank P



Inst Purification exists if and only it
thee exists A E LC W V me thot

P A At Lem

This implies that

rank P rank A C Ger

and theyre rank P E din W

Conversely by spectral decomposition

P I a Iva Va

a EI TIR O

Sime din W Z rash P thee exists

on orthonormal set Iwa a E Z
of sire 121

Then letting
A I Kalka Wal

AEI

gives A At P A

whitey quivalen of purgation
Let u u E V 0W be such that

Trw tu Cul Trw Iv Cyl

Then there exists U E U W such

that lx Hu U 147



Reet tet A and B be such that

Iu Vee A and lx Vee B

we have

at 6Gt

By single valve dumperities

A I Vta Iva Wal
AEA

B E Ia la eat

Let I E UCV be such that

I twa Iwa 7

Then AT B and setting U IT
we obtain

Iv U 147 Iv IT yea A

vec AT Lem

Vec B

Ix Me



Consider a compound register

IÉ E coat

Let e Tra 147 y

Note that for ay UE U At

For 747 Hat U 1 7 we have

Tra t tu cut

acting u

El Fou

tf

unchanged

The theorem implies the converse

4 147 E AI AT such that

Tret 147cal

the F U E U at na that

147 Haz U 1 7



Fidelity
For At LCY W the trace norm is defined
by

U A U Tr VATA show that

twig
Pro For A E CY we have

UA U max ICU A I UE U Y

Reet By single valve decomposition

A I sa t wa Yal

Then
u A 12 1 Tr Uta l

I sa 1 va Ut way l
Cauchy

Schwartz I sa tight duty
Ia sa

f U A Ui

U AU THAT
Tr I sa Iva val

I sa

Thi maximum is achieved at U that satisfies
A U VATA I



Cer Let AE LC Y and U U2 E U W V

Then
U Ut A Wall U A Ui

Poet Follows from

CU UTA Uz Tr Utu A Ue

Tr U Utu A

Trl U U Ut A

U U Ut A

and the Proposition E

For P Q E Po x the fidelity between

P and Q is defined by

F P Q U VE U

More explicitly we have

FIP Q Tr VIP it

in particle for a wit venter x EV

FC P lx yl Tr Vix Cy Px yl

Tr Vex Pv In x

HEY Pu

In period Iu ul ly x1 154m71



PI The following properties hold

1 FIP Q 70 with equality if and only

if P Q 0

2 FCP a PE TCP Tr Os with quality
it and only if P and Q are linearly dependent

Pat we have

FCP Q U UP U Z 0

with equality if and only if VIVI D

sure U U is a norm The latter condition

is equivalent to PQ 0 Exerin Vtr D

For the second property we nite Frau 0

4117451 I ICU VFW 12
I VTU V5 1

Cauchy Schwarz I a Fun UTU
Tr ut tu Tr I V5

Tr P Tr Q

When P and Q are liberty dependent
i.e a Pt pQ 0 then

effigywe can directly show that

U VIT U Tr P Tr Q



On the other hand if P and Q

are linens independent the IEEE
VTU and V5 The implies a

strict inequality by Cavity Schwer A

Gr For e G E Des Y we have

of Fle 6 I 1

where

1 Fce o D if and only if 6 0

2 Fee l 1 if and only if E G

Py For U E L V W we have

Fly put UQ Ut FLP Q

Iet We have

Nat Kuku Uututuruth

fill IT IF U E

by spectral decomposition P I da Iya Va

Then up at I da Ul ve Ciel Ut

Therefore It EYE ulna Cal ut
U E la la Gal Ut
U ye ht



Uhlmann's theorem

Let V and W be thilleet spaces

Let P Q E Po x be such that

rash D rash IQ f din W

Let u e Vo w be a purification of P

Ther

F P Q mex Icy u l y E Vow

Trw lx x1 Q

Lens For A G E W V we have

FCA At 66 1 U Atb U

Iot Grider the pole decomposition

Yow 2 E f PU

we have P II 8 8
t

it

It
and P 1

8



similarly we have

E 8 ay

une
a 10ft

Then

FCA At Bot A VAAT It U

a

aN P QUI
Gra ut p Q V UI
U PU QU U

U Il

L it 1 14

U 8 Fold

U Atone A



Gr For u v E V o W we have

F Trw la Cal Trw Iv cul Utr Lv ul U

Preet Let A B E L W V be such

that ve c A n and ve c b V

We have

F Trw tu Cal Trw Ix at

F A At O Bt

U At B U

U At B T U

tf u try hi ul U

Proof of Uhlmann's theorem

By the unitary equivalence of predations

mex 1 u x I v E Vo W Trw Iv Cul Q
mex f i su Hy o 4

y 71
U E U Y

some fixed punjiceties
Let A 8 be such that

I Hw

2
BUT HuoU vec B

Then
y Hy U w LA BUT

T Ato



mex f ICI Atb U E U W

PI U At E U

ten F A At 66T F P Q

Cer F P Q FLQ P

Pret This fellow ton unitary equivalence

of puiputions

FIP Q nox u I U W l U E U W

Mex 1 Ho Utu w l U E U W

nox 91 w to Utu 71 U E U w

nox 91 w Hou n 71 U E U W

F P Q

Attentively the also follows green
MAN U At N



Alternative poet of Uhlman's theorem

F P Q max I u I U x U E UCW

Iu I V50 In Iaa

H I V2 0 I w Laa

In purifies P
1 pinyin Q J Exeriu

Ku HOU v71

II Laal to Hw V50 U I b b I

I I Laal VIVI U 1667 I

É
I Tr VT if I 41910 167 al l

IT C VIVE UT 1

In Tr It V51

N VIRU
I I Al MA



Taking UI Bt whee BE ULY is such that

VPI INT B pelerdeonperitier
4

I Tr vertu I Tr ve Et I
Tr let 1 I

Ryo
T C III 1

This wax gives the fidelity 11

ten For A ELLY and UE U Y we have

IT AU I I Tr IAI

with quality for U Bt where A LA B D

the pole deompeitier
Pret We have

IT LAU I L Tr IAI B U I
Tr VIVA B U

1 VAI VAI 84 I

ytrclantrm
Y.FICarly Schwan

Trial

When U Bt the equality holds in

Carls Schwan ing I



Strong concavity of fidelity
For pig E Dist A

F

Ig Papa I 9 Qa

Ie Taga F Pa Qa

Poet By Uhlman's theorem there exist

purification ha and ka such that

F Pa Qa 16 halva 71

Let U IN The putgies Pa
P d Q

147 1247 luella and 17 Fatal a la

are purification for

D I Papa and D I 9 Qa

Verity Trw u
lu Cut P similarly go Q

Again by Uhlman's theorem

F P Q 7,1 u ly I

I 11g I Lualua I

I Kaga F Pa Qa

I



Appendix Proofs of some theorems

Proof of Cauchy Schwarz inequality

4 u ar then the inequality holds

Assume u 0 and u u linearly
independent
Gran Schmidt gives an orthonormal

set I I where I V 4x4

We can express v as

u Y u I x2 u Iz
Ther un Gay is given by

I Yi u I I You I xx

I Cu Ti Ti u xx

7 Lu I CT u xx

Lu x x u GYI
I u v71 NYU a



Preet of the spectral dumper'tion theorem

We will do induction on 121
For 121 1 we have

A X la Cal

Assume 121 72

Let X be a eigenvalue of A and

let IT be the presenter onto Vx

M Ey ly V61

where 1467 be t is an orthonormal

born of Vx

Define another projector

Nt Hy M

Observe that

M Nt Tt M D

We have

A Hy A ly
n Mt A C T t Nt

Man ftp gg ntAnt



Clan I T
t
A 17 0

TAIF X Tft x O

F V E V

Clash 2 M A n t Q

For W E Y we here

A At w Ata W X

Therefore

Then simile to clash I we can show

ntE É a

titatIF Iftu D

Mt M D T A Tt D
adjoint

Thayer A MAN At Ant

Claim 3 Mt Ant is normal

Fut obere that

LA THA THA CTI Dt THA Nt
B Mt At Mt At 17 172 That Nt

Ther

at Ant ht At Nt



n ta n at int

E
At A At Mt

Mt At A Mt
Int at ht A Mt

ht Ant at Ant

Let U MT V E V

Then T A Tt E L U

where
din u l c din v

By induction we have

tht A Mt Ia Xa lua ual

for some eathenond Gas lua at t

of U

Let 1067 6th
be an oetomel bans

for Ya

Then

A I X two L o I Xa lua Cual
be a at t

y



Proof of polar decomposition
The unitary U is constructed as

follows By spectral decomposition

VTA IIIa Iva Va

a EA

whee Vta G R o

Let
ua Alva

when a E X a E A Xa to

The set Ua a E X 3 and

can be extended to an ortho nerd

bai I ha a E A

Let

U I Ua Val
a EI

Omitted Proving that A U VATA A

For linear algebra background see

Linear Algebra Done Right by
Axler


